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robust stability, satellite This study develops a gradient-velocity framework for evaluating
communication systems, aperiodic robust stability in normalized satellite-communication
Lyapunov function, tracking loops with bounded parametric uncertainty. The model
parametric uncertainty, represents amplitude-regulation, timing-synchronization, and carrier-
aperiodic transient process, tracking errors in state space. A common quadratic Lyapunov certificate
gradient-velocity method, is checked at the endpoints of the uncertainty interval, while the
state-space model. gradient-velocity condition is used to verify sign-preserving, non-

oscillatory convergence. Two- and three-state numerical examples are
examined for p from 0.2 to 0.8. For the nominal two-state case, the
settling time is 3.07 s, the integral absolute error is 0.784, and no
undershoot occurs. The third-order extension also remains stable and
monotonic throughout the admissible interval. The scientific novelty lies
in separating the robust-stability certificate from the explicit aperiodicity
verification of the state trajectories. The framework provides a
reproducible preliminary-design tool for communication tracking loops
and clarifies the relationship between robust decay and transient shape.
Validation on nonlinear, delayed, coupled, and measured
communication data remains necessary.
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TyniHai ce3aep:

TYWIHAEME

poOacTsI TYPaKTHIABIK,
CIIYTHUKTIK OailA1aHbIC
Xylieaepi, /sa1yHoB
pyHKUMACH, TTapaMeTpAaiK
aHBIKTaAMaFaHAbIK,
arepuoATHIK, eTIeAi
Ipollecc, rpasueHTTi-
KBLAJAAMABIK dici, Kyt
KeHicTiri Mmogeai.

JKymMmbicTa mekTeyai mapameTpaik aHBIKTaAMaraHABIK >KarAalibIHAAFBI
CIIyTHUKTIK OaiiaaHbIC OaKbplaay KOHTYPAapBIHBIH arleproAThl poOacThl
TYPaKTBIABIFBIH Oaradayfa apHaAraH TIPaAMeHTTi-KbIAAaMABIK TaCia
asipaenai. Kyt kenicriringe amIAMTyJaHbBl peTTey, YaKBITTBIK
CMHXpPOHJQy >KoHe TachIMaaAJayInel >KMidikTi Oakblaay Karteaepi
MOJeAbAEeHeA]. Oprak PyHKITIACEH
aHBIKTaAMaraHABIK MHTEPBAaABIHBIH IlleKapadapblHAa —TeKcepiairm,
IPagUeHTTi-KblAJaMABIK  IIIapThI

KBagpaTThIK AHHyHOB

TaHOAaChl ~ ©3TepMENTIH  KoHe
TepOeaiccis >KMHaKTaAyAbl pacTay YIUiH KOAAaHbLAaAbl. W MaHi 0,2-4eH
0,8-re geriiH GoaFaHAa €KiHIII JKoHe YIiHII peTTi MoAeAbAep 3epTTeaai.
Exinmii perri HOMHMHaa MogeAb YIIIH OpHBIFY yakbiTel 3,07 c,
MHTeTpaAAbIK a0coaroT Kate 0,784 604Abl, aa ackll KeTy OaiKaaMaabl.
Yurinmi perti Mogeas ge Oykia pyKcaT eTiAreH apaablKTa Ty PaKThl KoHe
MOHOTOHABI KYHiH cakKragsl. CaabICTBIpMaaAbl Taaday Tociaain
TYPaKTBhLABIKIIEH Oipre arepmoAThIABIK, Talall eTiareHAe TUiMAi eKeHiH
KepceTTi. boaamakTa aaicti Kigipici Oap GeliCEI3BIK MOJeAbaepae JKoHe
HaKTHI OallaaHBIC AepeKTepiHae TeKcepy KaKeT.

Karouessie caoBa:

AHHOTAI VST

pobacTHas1 yCTOIMBOCTE,
CITyTHUKOBBIE CUCTEMBI
cBsa3y, GyHKIMA AAITyHOBa,
napamMeTpudeckast
HeolpeAeAEéHHOCTD,
arepuoANIeCKUN
TIepexXOAHBIN IIPOIIecc,
IpaJVeHTHO-CKOPOCTHOM
METOA, MOAEeAb B
HPOCTPAHCTBE COCTOSHUIA.

B pabore paspaboTaH TrpaAMeHTHO-CKOPOCTHOM ITOAXOJ K OIleHKe
areproAIecKoil pobacTHOMN YCTOMYMBOCTY HOPMUPOBaHHBIX KOHTYPOB
CAeXeHUs CIIyTHUKOBON CBA3M IIPY OIpaHMUEHHOI HapaMeTpudecKoil
HeolpeJea€HHOCTM. B mpocrpaHcTBe cOCTOAHMII MOAEAUPYIOTCS
OIMOKN PeryAupoBaHNUs aMILAUTYAbl, BpeMeHHOI CUHXPOHU3AIIUM U
caexxeHMs 3a Hecymiert. OOmjas KsagpaTwdHas QyHKIuA /lAmyHoBa
MIpoBepsIeTCs Ha IpaHNUIlaX MHTepBaJa HeoNpeAeAEHHOCTH, a rpajVeHT-
HO-CKOPOCTHO€ YCAOBME MCIIOAb3YeTCs AAsl IOATBePXKAEHUS CXOAU-
MocTy 6e3 cMeHHI 3HaKa 1 KoaeOaHmii. Viccae0BaHb MOAeAY BTOPOTO 1
TpeTbero rnopsAaka npu 3Hadennsax p ot 0,2 2o 0,8. 44 HoMUHaABHOI
MOJeAu BTOPOIO IOpsizKa BpeMms ycTaHoBaeHus cocrasuao 3,07 c,
UHTerpaabHas abcoaioTHas ommoOka — 0,784, mepeperyamposaHue
oTcyTcTByeT.  Mogeab
YCTOMYMBOCTh UM MOHOTOHHOCTh BO BCEM JOMYCTMMOM NHTepBaJe.

TpeTbero IIopsaKa Tak>Ke CoXpansier

CpaBHeHUe C DTaA0HHBIMMI peaAN3al[usAMY TIOKa3bIBaeT IPAKTIIECKYIO
LIEHHOCTH I10AX0J4a IPU OJHOBPEMEHHOM TPeOOBaHMMU YCTOMYMBOCTU U
Heobxoauma  aaapHernmiast

areprOAMIHOCTI. IpoBepka  Ha

HEeAMHEHBIX MOJeAsX C 3a4€P>XKKaMIl I peaAbHbIMU AQHHBIMM CBS3IL.

INTRODUCTION

Satellite communication has become a core element of broadband access, navigation,
remote sensing, and geographically distributed digital services. New Space architectures increase
the number of low-Earth-orbit links and therefore the number of acquisition, synchronization,
and tracking operations that must remain reliable during rapid channel changes (Kodheli et al.,
2021). Recent work on timing synchronization, robust precoding, and risk-aware beamforming
confirms that Doppler shifts, imperfect channel-state information, and gain uncertainty directly
affect link performance (Kim & Park, 2023; Liu et al., 2022; Alsenwi et al., 2024).

At the control-loop level, these effects appear as variations in effective gain, damping, and
coupling between amplitude, timing, and carrier-tracking errors. A loop can be asymptotically
stable and still exhibit sign reversals or oscillatory transients. Such behavior increases acquisition
time and may produce temporary degradation of signal quality. Robust stability analysis should
therefore distinguish between convergence to equilibrium and the quality of the path followed
during that convergence.
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Quadratic Lyapunov functions provide a transparent certificate for uncertain linear
systems, and linear matrix inequality (LMI) methods make many robust-control conditions
computationally tractable. Yet the inequality dV/dt<0 alone does not imply that every
communication-error state is monotonic. Aperiodicity requires an additional property of the
selected state-space realization, such as sign preservation and real negative modal behavior. This
distinction is important because a favorable energy decay curve can coexist with undesirable
oscillations in individual states.

The objective of this study is to formulate and test a gradient-velocity framework that
combines a common Lyapunov certificate with an explicit aperiodicity check for normalized
satellite-communication tracking loops under affine parametric uncertainty. The framework is
evaluated on reproducible second- and third-order examples. The interval [0.2, 0.8] for u is
treated as an admissible normalized design range rather than as a tolerance identified for a
particular modem.

The contribution is threefold. First, the robust certificate is reduced to endpoint tests
because the symmetric Lyapunov matrix is affine in u. Second, the stability result is separated
from the componentwise monotonicity argument, preventing the usual over interpretation of
dV/dt<0. Third, the numerical model, benchmark matrices, initial conditions, and performance
definitions are stated explicitly so that the reported settling time, undershoot, and integral
absolute error can be reproduced.

LITERATURE REVIEW

The direct Lyapunov method remains the basic analytical route for certifying stability
without solving the state equations explicitly (Khalil, 2015). Matrix formulations support compact
treatment of multivariable systems (Bernstein, 2009), while common quadratic certificates and
LMIs provide sufficient conditions over polytopic or norm-bounded uncertainty sets (Boyd et al.,
1994; Zhou et al., 1996). These tools establish stability rigorously, but transient requirements must
be introduced through pole regions, decay-rate bounds, overshoot constraints, or a separate
analysis of the state response.

Recent aerospace studies combine Lyapunov analysis with LMI synthesis, adaptive
control, observers, and finite-time techniques. Examples include fault-tolerant spacecraft attitude
control (Gao et al., 2021; Giuseppi et al., 2022), adaptive tracking under model and environmental
uncertainty (Cho, 2023), observer-based parametric control of flexible spacecraft (Zhang et al.,
2024), negative-imaginary output feedback for uncertain satellite dynamics (Choudhary &
Chokkadi, 2024), and hardware-in-the-loop validation of a Lyapunov-LMI launch-vehicle
controller (Brusnicki et al., 2026).

Communication-oriented research treats uncertainty mainly through synchronization,
channel estimation, precoding, and beamforming. Robust timing acquisition under a low-Earth-
orbit channel was examined by Kim and Park (2023). Liu et al. (2022) studied downlink precoding
under per-antenna constraints, and Alsenwi et al. (2024) proposed risk-aware robust
beamforming for massive-MIMO satellite links. These studies address communication
performance directly, but they do not replace a state-space transient analysis of the underlying
tracking loops.

The gradient-velocity method of Lyapunov vector functions was developed to connect the
Lyapunov gradient with the velocity field and to formulate desired transient behavior directly
from closed-loop matrix coefficients (Beisenbi et al., 2021). Its later application to adaptive and
nonlinear spacecraft control illustrates the method's broader use under uncertainty (Beisenbi et
al.,, 2025). The present study does not claim that this construction supersedes classical Lyapunov
theory; it uses the gradient-velocity interpretation as an operational framework for jointly
checking robust decay and aperiodicity.
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The unresolved issue is not the existence of another asymptotic-stability inequality, but a
transparent way to show when a specific uncertain tracking-loop realization is both stable and
non-oscillatory. For this reason, the analysis below reports the Lyapunov margin and the state
trajectories separately. Claims about satellite communication are limited to normalized small-
signal tracking-loop errors; no assertion is made that the example represents a complete radio-
frequency link.

MATERIALS AND METHODS

A normalized small-signal tracking subsystem is represented by a continuous-time linear
state-space model with bounded affine uncertainty. In the second-order realization, xi(t) denotes
the amplitude-regulation error and xz(t) denotes the symbol-timing error. The scalar u is a
normalized effective loop-gain parameter that combines residual gain and channel-dependent
variation after linearization.

x(t) = A(w)x(t) + Bu(t),

where x(t) is a two-dimensional real state vector, u(t) is a scalar real-valued external correction
input, A(u) is the uncertain closed-loop matrix, and B is the input matrix. Robust stability is
examined for the autonomous error dynamics u=0. The reproducible matrices are defined as
follows:

A(W) = Ay + pd4, 1 €[0.2,0.8],

A°=[_1610 —1(?50]' AAz[_Odgs —0960]’ B=[ﬂ'

x(0) =[1.0 o038]",

The assumptions are: (i) ( is constant during one simulation and belongs to [0.2,0.8]; (ii)
the affine model is valid in a neighborhood of the locked operating point; (iii) the error states are
available for analysis; (iv) u=0 during stability verification; and (v) the interval is a representative
design domain, not a tolerance estimated from flight or modem data. Because the corrected
nominal matrix is diagonal, the two error loops are decoupled in this illustrative realization.

A quadratic Lyapunov function is selected in the form

V(x) = xTPx, P=PT >0,
Its derivative along the system trajectories is
V(x) = xTPx + xTPx = xT[AT (WP + PA(u)]x + 2x"PBu,

For the autonomous stability analysis, u=0. The gradient-velocity formulation explicitly
relates the gradient of the Lyapunov function to the state velocity:

VV(x) = 2Px, V(x) = VvV ()Tx(t),
Robust asymptotic stability is guaranteed if a common matrix P exists such that
AT(WP + PA(w) < —al, a>0, Vu€[0.208],
Consequently,
V(x) < —allxI?<0, x # 0.

The strict decrease of V(x) establishes robust asymptotic stability. Aperiodicity is verified
separately. For the diagonal realization A(u) = diag[—a, (1), —a,(p)] with a; () > 0, each state is
sign preserving and monotonic. Thus the Lyapunov certificate and the non-oscillatory transient
statement rely on distinct, explicitly stated conditions.
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NUMERICAL IMPLEMENTATION
Numerical trajectories were evaluated from t=0 to t=10 s on a 0.01 s grid using the matrix
exponential and cross-checked with the MATLAB R2024a ode45 settings retained from the
original manuscript (relative tolerance 10-6 and absolute tolerance 10-8). The initial condition was
x(0)=[1.0,0.8]T. Robustness was evaluated for p={0.2,0.4,0.6,0.8}; nominal plots use u=0.5. Settling
time is the first time after which |x1(t)| remains within 2% of 1x1(0)|. Undershoot is the largest
negative excursion of x1 relative to x1(0), and IAE = [ ¢*°|x, (t)|dt.
Two stable second-order matrices are retained as transparent transient-response
benchmarks:
4. = [—0.65 1.55 ] A= [—0.90 0.65 ]
¢~ l-155 —o065" "M 1065 —0.90
They are evaluated with the same initial condition x(0)=[1.0,0.8]T, simulation horizon, time
grid, and definitions of settling time, undershoot, and IAE as the gradient-velocity realization.
The comparison therefore isolates differences in transient geometry; it is not presented as a head-
to-head controller-synthesis test because the three matrices are prescribed closed-loop
realizations rather than controllers synthesized for one common plant.

ENDPOINT ROBUSTNESS CERTIFICATE

For an affine matrix A(u) and fixed P, the symmetric matrix A(p)™P+PA(p) is affine in p.
Negative definiteness at both vertices therefore implies negative definiteness throughout the
convex interval. The endpoint condition used in this study is

AQu)P + PA(uy) < —al, Ui € {0.2,0.8}.
For the corrected two-state model, P = I,. At u=0.2 the eigenvalues of A are -1.17 and -1.62,
while at pu=0.8 they are -1.38 and -1.98. Consequently, the symmetric matrix A" (i) + A(p) is

bounded above by —2.341, over the full interval. This value is a conservative common decay
margin obtained at the slowest endpoint.

THIRD-ORDER EXTENSION
To verify that the procedure is not tied to two states, a third normalized error state is added
for carrier-phase tracking. The decoupled third-order small-signal realization is

x3(t) = Az (Wx3(t), As(u) = Az + pdAs;.

-1.00 0 0 -025 0 0
Azp=| 0 —-125 0 |, 443=| 0 -030 0 |, x3(0)
0 0 —155 0 0 —035

=[1.00 0.75 0.50]".

All diagonal coefficients remain strictly negative for every p in [0.2,0.8]. With P; = I3, the
worst-case common-Lyapunov bound is

Py =13, Va(x3) = x5[A3(1)" + A3 (W)]x3 < —2.10 || x5 lI5.

Because every state has the closed-form response shown below, positive initial errors
remain positive and decrease monotonically. This supplies the aperiodicity statement that is not
implied by dV/dt<0 alone.

x;(t) = x;(0)exp[—a; (W], a;(u) > 0.

RESULTS AND DISCUSSION

The first numerical experiment uses p=0.5, for which 4 = diag(—1.275, —1.80). Both states
therefore decay exponentially without a sign change. The slow state x1 determines the 2% settling
time, whereas x2 converges more rapidly.
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Nominal tracking-loop trajectories (u = 0.5)
1.01 —— xi(t) amplitude error
= = x,(t) timing error

0.8 1

0.6 1

0.4

Normalized error

0.2 1

0.0 1

Time (s)

Figure 1. Nominal state trajectories of the two-state tracking-loop model
Note — compiled by the authors

Figure 1 confirms the predicted sign-preserving decay. The nominal x1 trajectory reaches
the 2% band in 3.07 s, while x2 settles sooner because its decay rate is 1.80 s'. No state crossing
or oscillatory segment is present.

Within the stated small-signal interpretation, a monotonic error response avoids repeated
corrections during acquisition. The result should be read as a property of the normalized
tracking-loop model, not as direct evidence of improved end-to-end bit error rate or link
availability.

EVOLUTION OF THE LYAPUNOV FUNCTION

The Lyapunov function V=x"x is evaluated along the same nominal trajectory. Its
monotonic decrease provides a numerical check of the analytical matrix inequality and exposes
any implementation error in the state equations.

At p=0.5, dV/dt=-2.55x12-3.60x22<0 for every nonzero state. Figure 2 is consistent with this
expression: V decreases from 1.64 to a value below 10~ over the simulated interval.

Evolution of the Lyapunov function

1.50 1
1.254

1.00 1

=xTx

0.75 4

V(x)

0.50 1

0.25 4

0.00 4

Time (s)

Figure 2. Evolution of the Lyapunov function over time
Note — compiled by the authors

The curve verifies robust energy decay for the nominal case. Aperiodicity, however,
follows from the diagonal negative state matrix and the sign-preserving exponential solution, not
from the Lyapunov curve alone.
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COMPARATIVE ANALYSIS WITH BENCHMARK REALIZATIONS

The benchmark matrices were selected not as optimal controllers, but as stable second-
order closed-loop realizations with deliberately different transient geometries. The classical
benchmark has eigenvalues -0.65+1.55i and therefore produces a pronounced oscillatory
response, whereas the LMI-type benchmark has eigenvalues -0.90+0.65i and represents a more
strongly damped oscillatory response. At u=0.5, the gradient-velocity realization has the real
negative eigenvalues -1.275 and -1.80. This selection makes it possible to isolate the aperiodicity
property under matched test conditions.

Table 1 reports the metrics computed from xi(t) using the same initial condition, common
0-10 s interval, time grid, and performance definitions. The values correspond exactly to the
matrices given in the Methods section. Accordingly, the comparison is restricted to transient-
response characteristics and is not interpreted as a universal comparison of controller-synthesis
methods.

Table 1. Quantitative comparison of transient-response indicators

Indicator Classical Lyapunov LMI-based Gradient-velocity
Settling time, s 6.35 3.07 3.07
Undershoot, % 28.2 1.4 0.0

IAE (0-10s) 1.415 1.213 0.784
Oscillatory response Yes Weak No
Robust interval Not imposed Design-dependent u from 0.2 to 0.8
Note — compiled by the authors from simulated x1(t) over 0-10 s.

The gradient-velocity realization reaches the 2% band in 3.07 s and has zero undershoot.
The classical benchmark requires 6.35 s and reaches -28.2% of the initial x1 value. The LMI
benchmark has the same 3.07 s settling time but retains a small 1.4% undershoot.

The IAE values are 1.415, 1.213, and 0.784 for the classical, LMI, and gradient-velocity
realizations, respectively. For this specific benchmark set, the non-oscillatory model also
produces the smallest accumulated absolute error.

These values demonstrate the intended transient property of the selected realization. They
do not establish universal superiority over all LMI or classical designs, which can be tuned with
additional pole-region and performance constraints.

Table 2 clarifies the scope of the proposed framework. Its distinctive output is not merely
a negative Lyapunov derivative, but a separate statement about the shape of the transient
response for the chosen communication-error coordinates.

Table 2. Comparative characteristics of classical and gradient-velocity stability approaches

. . |Classical quadratic . Gradient-veloci
Characteristic 4 LMlI-based robust design v
Lyapunov framework
Primary Asymptotic Stability and performance Robust decay plus explicit
objective stability through convex constraints aperiodicity screening
Depends on the
Uncertainty P Polytopic or Affine interval checked at
. selected common . .
handling ) norm-bounded sets its endpoints
function
Available when pole or Sign preservation and
Transient Not inherent in P . s P .
. . performance constraints monotonicity checked for
information dV/dt<0 .
are added the selected realization
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End of table 2
. Classical quadratic LMI-based robust Gradient-velocity
Characteristic .
Lyapunov design framework
. Endpoint inequalities
_ Lyapunov equation oy .
Computation . . Semidefinite program and time-response
or inequality e
verification
Controller- and
e Limited direct OnHo er. an Aperiodicity statement
Main limitation .. . formulation- . .
transient information . is realization-dependent
dependent complexity
Note — compiled by the authors from the analytical comparison in this study

Figure 3 shows the geometric difference directly. The classical trajectory changes sign
several times. The LMI benchmark strongly suppresses this behavior but still crosses zero once,
whereas the gradient-velocity trajectory remains positive and monotonic.

Comparison of benchmark transient responses

1.0 4 = = Classical benchmark
= LMI benchmark

0.8 - - Gradient-velocity

0.6 A
Z 044
B

0.2 A

-
0.0 +———m et =X O —
-0.2 A
0 2 4 6 8 10
Time (s)

Figure 3. Comparison of benchmark transient responses
Note — compiled by the authors

The absence of a sign reversal is consistent with the real negative poles of the diagonal
realization. This property is useful when repeated corrections or overshoot are undesirable
during tracking-loop acquisition.

The comparison therefore supports a narrower conclusion: the selected gradient-velocity
realization meets the imposed aperiodicity requirement while retaining a settling time
comparable to the faster oscillatory benchmark.

ROBUSTNESS ANALYSIS

The uncertain parameter is swept across four interior and endpoint values. Because the
matrix is diagonal, increasing p in this normalized realization increases the effective decay rate;
u should therefore be interpreted as an effective loop-gain index rather than as a severity scale.

Figure 4 confirms robust sign-preserving convergence for p=0.2, 0.4, 0.6, and 0.8. The
slowest case occurs at u=0.2, where the x1 decay rate is 1.17 s and the 2% settling time is 3.34 s.
At pu=0.8 the rate is 1.38 s and the settling time decreases to 2.83 s.
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The numerical sweep agrees with the endpoint certificate: the symmetric matrix
A(u)™A(p) is bounded above by -2.34I>. The result covers every p in the interval, not only the
four plotted values, because the symmetric matrix depends affinely on p.

Response over the admissible uncertainty interval
1.0 A

— u=0.2
—-— =04
0.8 4 H
- u=0.8
0.6
E
<
0.4 4
0.2 1
0.0 1
0 2 4 6 8 10

Time (s)

Figure 4. Response over the admissible uncertainty interval
Note — compiled by the authors

THIRD-ORDER VALIDATION

The third-order model adds carrier-phase error while preserving the same uncertainty
structure. At p=0.5 the three decay rates are 1.125, 1.40, and 1.725 s-'. Figure 5 shows that all three
normalized errors remain positive and decrease without oscillation.

Third-order tracking-loop extension (u = 0.5)

1.0+ — x;: amplitude
== X5: timing

084 =« x3: carrier phase
s
@ 0.6
he]
[J]
N
©
£ 0.4+
(=]
=

0.2 1

0.0 1

0 2 4 6 8 10
Time (s)

Figure 5. Third-order tracking-loop extension at u=0.5
Note — compiled by the authors.

The slowest state again determines the settling time. The analytical values in Table 3 follow
from x;(t) = exp[—(1.00 + 0.25p)t].
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Table 3. Third-order model performance over the uncertainty interval

u Decay margin o Settling time, s IAE (0-10 s) Undershoot, %
0.2 2.10 3.73 0.952 0.0
0.5 2.25 3.48 0.889 0.0
0.8 2.40 3.26 0.833 0.0
Note — compiled by the authors from the analytical solution for xi(t).

The third-order example has a positive common decay margin at every tested point and
zero undershoot. It therefore supports the dimensional extension of the verification procedure,
although it does not by itself establish scalability to strongly coupled or high-order modem
models.

Common-Lyapunov decay margin

- Two-state model
2.79 == Three-state model
—~ 2.6
2
]
£ 2.51
2
[
E 2.4- ——-
- -
© -
3 -
2 231 -
221 "7
21{ -=""
0.2 0.3 0.4 0.5 0.6 0.7 0.8

Uncertain parameter u

Figure 6. Common-Lyapunov decay margin for the two model orders
Note — compiled by the authors

Figure 6 shows that the endpoint-certified margin remains at least 2.34 for the two-state
model and 2.10 for the third-order model for every p in [0.2,0.8].

SENSITIVITY OF THE PERFORMANCE INDICATORS
The endpoint certificate establishes stability over the entire interval, but it does not show
how the transient indicators change inside that interval. For the two-state diagonal realization,

the slow component is x;(t) = exp[—r(p)t], where r(u) = 1.10 + 0.35p. Its 2% settling time is
In(50) 1—exp(—10r(w))
() (W)

Both expressions are continuous and strictly decreasing throughout the interval [0.2,0.8].

Consequently, no unexamined interior value of the parameter can produce a slower decay than
the lower endpoint for this realization.

Table 4 reports a denser seven-point sweep. The decay margin increases by 17.9% between
the interval endpoints, whereas the settling time decreases by 15.2% and IAE1 decreases by 15.2%.
These monotone changes are expected because | strengthens the negative diagonal feedback in

therefore t () = , while the finite-horizon integral absolute error is IAE, (1) =

the adopted uncertainty direction. This trend must not be generalized to arbitrary uncertainty: if
an uncertain coefficient weakens damping or changes the off-diagonal coupling, the worst case
may move to another vertex or require a polytopic certificate with more than two vertices.
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Table 4. Sensitivity of the two-state model to the uncertainty parameter

u Slow decay rate, s! Decay margin a | Settling time, s IAE:1 (0-10 s)

0.2 1.170 2.34 3.34 0.855

0.3 1.205 2.41 3.25 0.830

0.4 1.240 2.48 3.15 0.806

0.5 1.275 2.55 3.07 0.784

0.6 1.310 2.62 2.99 0.763

0.7 1.345 2.69 291 0.743

0.8 1.380 2.76 2.83 0.725
Note — calculated by the authors from the analytical solution of the slow state; the 2% criterion is used
for settling time

The analytical sweep also provides a reproducibility check for the numerical integration.
At p=0.5, for example, the slow rate is 1.275 s-1, which gives t; = 3.07 s and IAE; = 0.784. These
values coincide with Table 1 to the shown precision. The comparison is useful because it separates
integration or post-processing errors from genuine changes in the model. For a coupled
realization, closed-form state metrics may be unavailable; the same check can then be made
against the matrix exponential exp(A(p)t) at selected time instants.

SCOPE OF THE ENDPOINT ARGUMENT

The sufficiency of endpoint tests follows from convexity, not from the numerical diagonal
form alone. Let S(p) = AT (WP + PA(), with P symmetric positive definite and A(p) affine. For
any pbetween . and p . there is a coefficient 6 between 0 and 1 such that S(u) = 0S (i) +
(1 - 8)S(may)- If both endpoint matrices are negative definite with a common margin, their
convex combination is also negative definite. This proves robust quadratic stability for every
constant parameter value in the interval and avoids replacing a proof by a finite simulation grid.

The same reasoning extends to several independent affine parameters by checking all
vertices of the resulting uncertainty polytope with one common P. The number of vertices grows
exponentially with the number of independent parameters, so direct enumeration is most
practical for low-dimensional uncertainty sets. Structured multipliers, parameter-dependent
Lyapunov functions, or randomized validation may be considered when the vertex set becomes
large. Such alternatives can reduce conservatism or computation, but they change the certificate
and are outside the numerical claim made in this study.

Quadratic stability should also be distinguished from aperiodicity. A common P proves
decay of an energy-like norm; it does not, by itself, forbid individual state components from
changing sign. In the reported second- and third-order examples, zero undershoot follows
additionally from the diagonal real-negative structure and positive initial conditions. For a
coupled model, a real negative spectrum is not always sufficient to preserve component signs
because eigenvector combinations can cross zero. Positivity conditions, invariant-cone analysis,
or direct componentwise verification must then supplement the Lyapunov test.

REPRODUCIBLE APPLICATION TO A TRACKING-LOOP MODEL

Application to a specific satellite terminal should begin with an identified small-signal
model rather than with a chosen matrix. Timing, amplitude, and carrier-phase error signals can
be perturbed separately around a locked operating point, and the local state matrix can be
estimated for representative Doppler rate, signal-to-noise ratio, oscillator offset, and loop gain
settings. The normalization used in this paper should be recorded explicitly so that a unit initial
state can be mapped back to physical timing, amplitude, or phase error.
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Next, the observed variation should be enclosed by an affine interval or polytope
A(q)=Aot)qiAAi, where the sum is taken over all independent uncertain parameters. The
enclosure must be validated against the identified matrices; otherwise the subsequent certificate
applies to a mathematical family that may not cover the terminal. A common P and the largest
feasible decay margin can then be obtained from the vertex LMIs. Reporting P, every vertex
matrix, solver tolerances, and the minimum eigenvalue of each residual makes the stability
calculation independently checkable.

The transient test should include every vertex and a sufficiently dense interior sweep, but the
roles of these operations are different. Vertex LMIs provide the robust-stability proof for the affine
family; time simulations reveal performance and possible sign changes. Settling time, IAE, peak
error, and the number of zero crossings should be evaluated under the same initial conditions and
horizon for all compared designs. Delay, saturation, noise, and time-varying parameters should then
be introduced one at a time to show which assumption first invalidates the nominal certificate.

Finally, an experimental validation should compare predicted and measured error
envelopes after controlled acquisition or reacquisition events. The proposed framework would
be supported if the identified matrices remain inside the certified set, the measured states
converge without the prohibited zero crossings, and observed settling times lie within the
predicted bounds after accounting for sampling and estimation error. This staged procedure
connects the present proof-of-concept model to link-level evidence without claiming that the
normalized numerical example already represents a complete satellite modem.

DISCUSSION AND SCIENTIFIC CONTRIBUTION

The numerical results support the central claim at the level at which it is formulated: for
the stated affine tracking-loop models, one common quadratic certificate proves robust decay,
and the diagonal negative realization proves componentwise aperiodicity. This separation is
methodologically important because robust asymptotic stability and a non-oscillatory transient
are related but not equivalent properties.

The benchmark comparison also reveals the relevant trade-off. Complex poles can provide
fast decay while introducing zero crossings; real negative poles can remove those crossings but do
not automatically optimize every performance criterion. In the present numerical set the gradient-
velocity realization achieves both the lowest IAE and zero undershoot, but this outcome is specific
to the prescribed matrices. LMI formulations can incorporate decay-rate or pole-region constraints
when a full controller-synthesis problem is posed (Boyd et al., 1994; Brusnicki et al., 2026).

The communication interpretation is consistent with work showing that synchronization
and channel uncertainty influence LEO link performance (Kim & Park, 2023; Liu et al., 2022;
Alsenwi et al., 2024). Nevertheless, amplitude, timing, and carrier errors are represented here as
normalized states. The study does not include a radio-frequency front end, coding, fading
statistics, or an identified controller from a specific satellite terminal. Practical claims are therefore
limited to preliminary tracking-loop analysis.

Several limitations define the next stage of the work. The uncertainty is scalar and constant
within a run; delays, stochastic disturbances, saturation, measurement noise, and coupling
between loops are omitted. Future work should identify A(u) from measured or high-fidelity
modem data, extend the certificate to polytopic and time-varying uncertainty, include delay-
dependent conditions, and compare controller designs on one common plant. These steps are
required before conclusions about link-level reliability can be made.

CONCLUSION
This study presented a gradient-velocity framework for the aperiodic robust-stability
analysis of normalized satellite-communication tracking loops with affine parametric
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uncertainty. The framework combines a common quadratic Lyapunov certificate with a separate
sign-preservation argument for the state trajectories.

For the corrected second-order model, P = I, provides a common decay margin of at least
2.34 for every p in [0.2,0.8]. The nominal trajectory settles in 3.07 s with IAE = 0.784 and no
undershoot. A third-order extension also remains robustly stable and monotonic, with a common
margin of at least 2.10.

The comparison with two stable oscillatory benchmarks shows the practical role of the
aperiodicity requirement. The result is not a universal ranking of Lyapunov, LMI, and gradient-
velocity designs; it is a reproducible demonstration that stability and transient shape should be
certified separately.

The present models are normalized and illustrative. Experimental validation, identified
modem parameters, coupled dynamics, time delays, and stochastic channel effects are outside
the current scope and constitute the main directions for further research.

Accordingly, the proposed framework is best viewed as a preliminary-design and
verification tool for communication tracking loops rather than as a complete satellite-link model.
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